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1. INTRODUCTION
In this paper we shall deal with IBVP for the vibrating string equation
2t u&
2
xu=0, (x, t) # (0, a(t))_R
1, (1.1)
u(0, t)=r(t), u(a(t), t)=0, t # R1, (1.2)
u(x, 0)=,(x), tu(x, 0)=(x), x # [0, a(0)], (1.3)
where a(t) is a 1-periodic positive smooth function satisfying |a$(t)|<1 and
r(t) is an :-periodic smooth function. The corresponding physical model is
as follows. A string vibrates on the (x, y)-plane. One end is forced to move
periodically on the x-axis and another on the y-axis. Then our concern is
the following: What is the behavior of the string? The aim of this paper is
to study the conditions under which each classical (of C 2-class) solution of
IBVP (1.1)(1.3) is quasiperiodic in t. As will be seen, number-theoretic
properties of the rotation number of a composed function (I+a) b (I&a)&1
play an essential role in the quasiperiodicity of the solutions. We shall show
that if the above rotation number and the periods : and 1 satisfy Diophantine
conditions, then the classical solution is quasiperiodic in t (Theorem 2.2). In
case where r(t) identically vanishes, even the Diophantine condition on the
rotation number is not necessary but only irrationality of the rotation
number is assumed (Theorem 2.10). The DenjoyHermanYoccoz theory
([5] and [7]) from one-dimensional dynamical systems is effectively used
to show our results.
J. Cooper ([3]) dealt with IBVP (1.1)(1.3) with r(t)#0. He showed
that each weak solution is bounded in t with respect to L-norm, and that
if there is only a finite number (1) of the 1-periodic reflected charac-
teristics, then each solution asymptotically converges in some sense to a
superposition of some square waves and the energy grows up as a time
sequence tends to +. Note (Remark of Theorem 2.10) that if there exists
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at least one 1-periodic characteristics, then the above rotation number is
a rational number. The case where all the reflected characteristics are
1-periodic is treated in [8] and it is shown that each solution of IBVP
(1.1)(1.3) with r(t)#0 is 1-periodic in t. Several authors ([2] and [4])
treated IBVP (1.1)(1.3) with periodically and nonperiodically moving
boundaries.
We give notation and definitions. A function u(x, t) is called quasi-
periodic (q.p.) in t with basic frequencies (b. f.) |=(|1 , ..., |m) # Rm or with
basic periods 2?|=(2?|1 , ..., 2?|m) if there exists a continuous function
u^(x, %), %=(%1 , ..., %m) # Rm periodic in each %i , i=1, ..., m such that
u(x, t)=u^(x, |t) holds. Briefly u(x, t) is called (2?|1 , ..., 2?|m)-q.p. in t.
The function u^(x, %) is called the corresponding function of u(x, t). We
define the quasiperiodicity in x of u(x, t) in the same way. We define rota-
tion number introduced by H. Poincare when he investigated the qualitative
behavior of solutions of two-dimensional dynamical systems. Let f (x),
x # R1, be a continuous and strictly monotone increasing function of the
form x+g(x), where g(x) is a 1-periodic continuous function. Let the set
of all such functions f be D(T 1), where T 1 is the one-dimensional torus
R1Z. Then the rotation number \=\( f ) of f # D(T 1) is defined by
lim
n  +
( f n(x)&x)n.
It is known that the limit is independent of x and the convergence is
uniform with respect to x. The rotation number \=\( f ) is a functional of
f # D(T 1) continuous with respect to supremum norm sup0x1 | f (x)|. If
we consider f the lift of a mapping of circle onto circle, then the rotation
number is regarded as the limit average of the rotation angles. For the
above and more detailed properties of the rotation numbers, see [5].
I would like to thank to Professor M. Ikawa for his useful advices and
encouragement. I also express my thanks to Professor T. Akamatsu for his
valuable comments.
2. QUASIPERIODIC SOLUTIONS OF IBVP (1.1)(1.3)
2.1.
First we deal with IBVP (1.1)(1.3) in case where r(t) does not identi-
cally vanish:
2t u&
2
xu=0, (x, t) # (0, a(t))_R
1,
u(0, t)=r(t), u(a(t), t)=0, t # R1,
u(x, 0)=,(x), tu(x, 0)=(x), x # [0, a(0)].
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We assume the following conditions (A1)(A4).
(A1). a(t) is a 1-periodic and positive C-function satisfying |a$(t)|<1
and a$(0)=a"(0)=0.
(A2). r(t) is an :-periodic C-function satisfying :0 r(t) dt=0 and
r(0)=r$(0)=r"(0)=0.
Let A denote a composed function (I+a) b (I&a)&1, where I is an
identity. By Lemma 2.4 later A belongs to D(T 1). Let the rotation number
of A be |. Note that | is positive. This is clear from the fact that
(An({)&{)n2 inf0t1 |a(t)|.
(A3). The numbers : and | satisfy the following Diophantine condi-
tion: There exist positive constants C1 and +>2 depending on : and |
such that it holds
|k1 :+k2&m||>C1 ( |k1 |+|k2 | )+
for all k=(k1 , k2) # Z2"[0] and all m # Z.
As a special case of (A3) we state the following which itself plays an
important role in the proof of our results (see Lemma 2.6).
(A3$). The rotation number | of A satisfies the following Diophantine
condition: There exist positive constants C and ; depending on | such that
|q&p||>Cq1+;
holds for all p # N and all q # N.
(A4). The initial data , and  are of C-class in (0, a(0)), and of
C2-class and C1-class (resp.) in [0, a(0)]. ,, ," and  vanish at x=0 and
x=a(0).
Remark. 1. From (A4) , and  are extended to odd functions in
[&a(0), a(0)] of C2 and C1-class (resp.). The conditions a$(0)=a"(0)=0
in (A1), r(0)=r$(0)=r"(0)=0 in (A2) and the odd extensibility are com-
patibility conditions to gain the C2-differentiability in (x, t) of solutions
and to extend solutions to C2-functions defined in the whole (x, t)-plane.
For the condition :0 r(t) dt=0 in (A2), see Remark 1 of Theorem 2.2.
2. Every number which satisfies (A3$) is an irrational. It is well-
known that almost all real numbers | satisfy the Diophantine condition in
(A3$). Roth’s theorem [1] shows that all algebraic numbers of degree more
than 1 satisfy the above Diophantine condition.
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3. Rotation number \=\( f ) is continuous in f with respect to
supremum norm sup0x1 | f (x)|. Hence, when the above rotation number
| of A is regarded as a functional of a satisfying (A1), it is continuous in
a with respect to the sup-norm. It is shown that |(a) is not constant in any
non-empty open set of [a : a satisfies (A1)], provided that the set contains
an element with irrational rotation number.
4. If any resonances occur among the periods 1 and : of a and r
(resp.) and the rotation number |, then the solutions may grow up as t
tends to infinity. By (A3) such situations do not happen. It is known in
number theory that almost all (:, |) # R2 satisfy the above Diophantine
condition in (A3).
It is shown by results of [6] (Chapter 4, 98) that under the assumptions
(A1), (A2) and (A4) the existence an the uniqueness of the solution of
IBVP (1.1)(1.3) hold:
Proposition 2.1. Assume that (A1), (A2), and (A4) hold. Then IBVP
(1.1)(1.3) has a unique solution of C 2-class in [0, a(t)]_R1.
This is shown as follows. By transforming the space variable x 
(a(0)a(t))x, the noncylindrical domain [0, a(t)]_R1 is changed to a
cylindrical domain [0, a(0)]_R1. Furthermore, by a simple change of the
unknown function u IBVP (1.1)(1.3) is transformed to the standard IBVP
for a linear wave equation with variable coefficients in the cylindrical
domain and with vanishing Dirichlet boundary value. Then we apply the
results of [6] to the IBVP.
Now we state our results.
Theorem 2.2. Assume that (A1), (A2), (A3) and (A4) hold. Then IBVP
(1.1)(1.3) has a unique C2-solution u that is (:, |, 1)-q.p. in t. More
precisely, u is represented by the sum of functions u0 and u1 satisfying the
following properties:
(i) u0 is a C2-solution of BVP (1.1) and (1.2) with r(t)#0.
(ii) u1 is a C-solution of BVP (1.1) and (1.2).
(iii) u0 is of C2-class in (x, t) # R2 and of C -class in (x, t) # R2 "C,
where C=[(x, t) # R2; \x+t=An(+), +=0, a(0), n=0, \1, ...].
(iv) u1 is of C-class in (x, t) # R2.
(v) u0 is (|, 1)-q.p. in both t and x.
(vi) u1 is (:, 1)-q.p. in both t and x.
Remark. 1. As will be seen in the proof of Theorem 2.2, u0 and u1
have the following representations.
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(i) u0 is of the form f0(&x+t)& f0(x+t), (x, t) # R2. Here f0(x) is
(|, 1)-q.p., and is of C2-class in R1 and of C-class in R1"[An(+) # R1;
+=0, a(0), n=0, \1, ...].
(ii) u1 is of the form f1(&x+t)& f1(x+t)+r(x+t), (x, t) # R2.
Here f1(x) is (:, 1)-q.p. and of C-class in R1.
Even in case where the condition r0=:0 r(t) dt=0 in (A2) is not
satisfied, we obtain results similar to the above: In (ii) f1(x) is of the form
(r0 |)x+f2(x), where f2 is (:, 1)-q.p. and of C-class in R1. This is shown
by extending Lemma 2.9 to the case 2?0 } } } 
2?
0 R (%) d%{0 and by following
the same deduction as that in the proof of Theorem 2.2. From the above
representation of u0 , u1 it follows that IBVP (1.1)(1.3) has a unique
C2-solution u that is (:, |, 1)-q.p. in t. More precisely, u is represented by
u0+u1 , where u0 and u1 satisfy (i)(v) in Theorem 2.2. However (vi) does
not hold. Indeed, u1 is of the form (&2r0 |)x+u2(x, t), where u2 is (:, 1)-
q.p. in both t and x. Hence u1 is (:, 1)-q.p. only in t, but not in x.
2. u0 depends on the initial values , and , and u1 does not depend
on them.
3. In a simple case of IBVP where a(t) is equal to a constant a0 and
r(t) identically vanishes, each solution of the IBVP is defined in a cylindri-
cal domain [0, a0]_R1, and, as is well-known, the solution is 2a0-periodic
in t and is extended to a C2-function defined in the whole (x, t)-plane, R2,
in such a way that it is 2a0 -periodic, odd in x and satisfies Eq. 2t u&
2
xu=0
in the whole (x, t)-plane. In our IBVP where a(t) is not a constant and r(t)
does not identically vanish, our results show that the solution of IBVP
(1.1)(1.3) is extended to a C2-function defined in the whole (x, t)-plane in
such a way that it is (:, |, 1)-q.p. in x and satisfies Eq. 2t u&
2
xu=0 in R
2.
As a special case of Theorem 2.2 BVP (1.1) and (1.2) has a q.p. solution
with the special basic periods (:, 1).
Corollary 2.3. Assume that (A1), (A2) and (A3) hold. Then BVP (1.1)
and (1.2) has a C-solution which is (:, 1)-q.p. This solution is the only
solution with basic periods (:, 1).
We prepare some lemmas.
Lemma 2.4. Let a(t) satisfy (A1). Then A({) is an element of D(T 1).
Proof. It is clear by the inverse mapping theorem that A({) is of
C-class. Set t=(I&a)&1 ({) and h({)=(I&a)&1 ({)&{. Since {+1=
(I&a)(t+1) holds, we have
(I&a)&1 ({)+1=(I&a)&1 ({+1).
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This means that h({) is 1-periodic. Hence we have
(A&I)({+1)=(I+h)({)+a b (I+h)({)&{
=(I+a) b (I+h)({)&{
=(A&I)({).
Since we have A$({)=(1+a$(t))(1&a$(t)), from (A1) A$({) is positive for
all { so that A({) is strictly monotone increasing. Q.E.D.
We set
A({)={+|+q({). (2.1)
From Lemma 2.4, clearly q({) is 1-periodic and of C-class.
Lemma 2.5. Let a(t) satisfy (A1). Let q({) be the function in (2.1). Then
it holds
(i) q$(&a(0))=0
(ii) q"(&a(0))=0.
Proof. Differentiating A({)=(I+a) b (I&a)&1 ({), we have
A$({)=(1+a$ b (I&a)&1 ({))(1&a$ b (I&a)&1 ({)).
Setting {=&a(0) in the above and using (I&a)&1 (&a(0))=0 and
a$(0)=0, we have A$(&a(0))=1. Hence from A$(&a(0))=1+q$(&a(0)),
we obtain (i). Similarly we have
A"({)=2a" b (I&a)&1 ({)(1&a$ b (I&a)&1 ({))3
=q"({).
Hence by a"(0)=0 we obtain (ii). Q.E.D.
Lemma 2.6. Assume that (A1) and (A3$) hold. Let q({) be the function
in (2.1). Then a functional Eq.
\(!+|)&\(!)=q(!+\(!)) (2.2)
has a 1-periodic solution \(!) of C -class. I+\ has an inverse function
defined in R1.
Proof. This is the direct conclusion of the result of Yoccoz [7],
Corollary of Theorem, p. 335. In Yoccoz’s result set :=|, h(t)=t+\(t)
and f (t)=t+|+q(t). Clearly : and f satisfy the hypotheses of the
6 MASARU YAMAGUCHI
File: 505J 322907 . By:DS . Date:20:03:97 . Time:14:58 LOP8M. V8.0. Page 01:01
Codes: 2391 Signs: 1225 . Length: 45 pic 0 pts, 190 mm
Corollary. Hence we have the C-conjugation h of f to the rotation
R|=t+|. The relation h&1 b f b h=R| means (2.2). Q.E.D.
Lemma 2.7. Let \(!) be given in Lemma 2.6. For any c # R1 let !c be a
solution of Eq.
!+\(!)=c.
Then it holds
(i) !a(0)&!&a(0)=|
(ii) (I+\)(!c+n|)=An(c).
Proof. Clearly
(I+\)(!a(0))&(I+\)(!&a(0))=2a(0). (2.3)
Setting !=!&a(0) in (2.2), we have
(I+\)(!&a(0)+|)&(I+\)(!&a(0))=|+q(&a(0)). (2.4)
Since by (2.1) we have
q(&a(0))=A(&a(0))+a(0)&|
=2a(0)&|,
it follows from (2.3) and (2.4) that
(I+\)(!a(0))=(I+\)(!&a(0)+|),
which implies (i). (ii) is clear from the relation
(I+\)&1 b An b (I+\)=Rn| . Q.E.D.
Lemma 2.8. Let /(!) and &(’) be :-periodic and ;-periodic (resp.) con-
tinuous functions. Then /(’+&(’)) is an (:, ;)-q.p. function. If /(!) and
&(’) are of C-class, then the corresponding function of /(’+&(’)) is of
C-class.
Proof. A function F(%1 , %2)=/((:2?)%1+&((;2?)%2)) is continuous
in (%1 , %2) # R2 and 2?-periodic in each %i (i=1, 2). Then we have
/(’+&(’))=F((2?:)’, (2?;)’). This implies the first part of lemma. The
second part is obvious. Q.E.D.
Lemma 2.9. Let R(x) be a q.p. function with b. f. ;=(;1 , ..., ;m) whose
corresponding function R (%) is of C-class and satisfies 2?0 } } } 
2?
0 R (%) d%=0.
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Let # be a constant in R1. Assume that ; and # satisfy Diophantine condition:
There exists a positive constant C=C(;, #) such that the following inequality
|(k, ;) &(2?#) l |C|k|m (2.5)
holds for all k # Z m"[0] and all l # Z. Here ( } , } ) is the usual inner product
and |k|=|k1 |+ } } } +|km | for k=(k1 , ..., km) # Z m. Then Eq.
G(x+#)&G(x)=R(x) (2.6)
has a q.p. solution G(x) with b. f. ;. The corresponding function G (%) is
of C -class. G(x) is the only q.p. solution with b. f. ; which satisfies
2?0 } } } 
2?
0 G (%) d%=0.
Proof. We expand G and R into the Fourier series
G(x)= :
k # Zm
Gk exp(i(k, ;) x),
R(x)= :
k # Zm
Rk exp(i(k, ;) x), R0=0.
Then by (2.6) we have
Gk=Rk (exp(i(k, ;) #)&1), k{0.
Using (2.5), we have
|Gk |(?2C#) |k| m |Rk |.
Hence for any s # N we have
:
k # Zm
|k| s |Gk |(?2C#) :
k # Zm
|k| s+m |Rk |.
Since R is of C -class, the series of the right hand side converges for any
s # N. Therefore G is of C-class. The uniqueness of G(x) is clear from
G0=2?0 } } } 
2?
0 G (%) d%=0. Q.E.D.
Proof of Theorem 2.2. By noting that |a$(t)|<1 of (A1) holds, it is
shown that the general solution of (1.1) is of the form f (&x+t)+g(x+t).
From the first boundary condition of (1.2) the solution u of BVP (1.1) and
(1.2) is represented by
u(x, t)= f (&x+t)& f (x+t)+r(x+t), (2.7)
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and from the second boundary condition of (1.2) f satisfies a functional Eq.
f (&a(t)+t)& f (a(t)+t)+r(a(t)+t)=0. (2.8)
Now we solve this Eq. for the given functiuons a(t) and r(t). First by a
change of time variables
{=(I&a)(t) (2.9)
we transform (2.8) to a form
f ({+|+q({))& f ({)=r({+|+q({)), (2.10)
where q({) is defined in (2.1). Using the solution \ of Eq. (2.2) in Lemma
2.6, we change time variables:
{=(I+\)(!). (2.11)
Then it follows from Lemma 2.6 that
(I+\)&1 ({+|+q({))=!+|.
Since from (2.10)
f ((I+\) b (I+\)&1 ({+|+q({)))& f ((I+\) b (I+\)&1 ({))
=r((I+\) b (I+\)&1 ({+|+q({))),
we obtain
f b (I+\)(!+|)& f b (I+\)(!)=r b (I+\)(!+|). (2.12)
Setting g(!)= f b (I+\)(!) and r1(!)=r b (I+\)(!+|), we have, from
(2.12):
g(!+|)&g(!)=r1(!). (2.13)
By Lemma 2.8 r1(!) is (:, 1)-q.p. and its corresponding function r^1 is of
C-class. In order to apply Lemma 2.9 to Eq. (2.13), we show that
2?0 
2?
0 r^1(%1 , %2) d%1 d%2=0. Note that
|
2?
0
|
2?
0
r^1(%1 , %2) d%1 d%2=|
2?
0
|
2?
0
r((:2?) %1+|+\(%2 2?+|)) d%1 d%2 .
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Let the Fourier expansion of r(t) be k # Zm rk exp((2i?k:)t). Then we have
|
2?
0
r^1(%1 , %2) d%1
=:
k
rk |
2?
0
exp[(2i?k:)((:2?) %1+|+\(%2 2?+|))] d%1
=:
k
rk exp[(2i?k:)(|+\(%2 2?+|))] |
2?
0
exp(ik%1) d%1
=2?r0
=0.
Here we have used :0 r(t) dt=0 ((A2)) to show the last equality. Hence we
obtain
|
2?
0
|
2?
0
r^1(%1 , %2) d%1 d%2=0.
Since (A3) implies (2.5) in Lemma 2.9, we apply Lemma 2.9 to Eq. (2.13)
and obtain an (:, 1)-q.p. solution g1(!) whose corresponding function g^1(%)
is of C-class. g1(!) is the only solution with basic periods (:, 1) and with
2?0 
2?
0 g^1(%) d%=0. Thus Eq. (2.13) has the general solution g(!) of the
form g0(!)+g1(!), where g0(!) is an arbitrary |-periodic function. Define
f (x) by ( g0+g1) b (I+\)&1 (x). Then we obtain solutions
u(x, t)= f (&x+t)& f (x+t)+r(x+t) (2.14)
of BVP (1.1) and (1.2). We decompose u into u0+u1 , where u0 and u1 are
defined by
u0(x, t)=g0 b (I+\)&1 (&x+t)&g0 b (I+\)&1 (x+t),
u1(x, t)=g1 b (I+\)&1 (&x+t)&g1 b (I+\)&1 (x+t)+r(x+t).
It should be noted that u1(x, t) is an (:, 1)-q.p. C solution of BVP (1.1)
and (1.2), and that under suitable differentiability of g0 u0(x, t) is an
(|, 1)-q.p. solution of BVP (1.1) and (1.2) with r(t)#0.
Now we show that g0(!) is determined so that the solution (2.14) may
satisfy the initial condition (1.3) and be of C2-class. We set
f1(x)=g1 b (I+\)&1 (x),
,1(x)= f1(&x)& f1(x)+r(x),
1(x)= f $1(&x)& f $1(x)+r$(x)
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for x # R1 and
,0(x)=,(x)&,1(x),
0(x)=(x)&1(x)
for x # [0, a(0)]. Note that ,1(x)=u1(x, 0) and 1(x)=tu1(x, 0) are of
C-class in R1, and that ,0 and 0 are of C-class in (0, a(0)). We have
,1(0)=,1(a(0))=0,
and
1(0)=1(a(0))=0.
In fact, ,1(0)=1(0)=0 is clear from (A2). Since u1(a(t), t)=0 for
t # R1, we have u1(a(0), 0)=0. This implies ,1(a(0))=0. Differentiating
u1(a(t), t)=0 with respect to t, we have
(xu1)(a(t), t) a$(t)+(tu1)(a(t), t)=0
for t # R1. Hence using a$(0)=0 ((A1)), we have
1(a(0))=(t u1)(a(0), 0)= &(xu1)(a(0), 0) a$(0)=0.
Therefore ,0 and 0 vanish at x=0 and x=a(0). Let , 0 ,  0 , , and  be
odd extensions on [&a(0), a(0)] of ,0 , 0 , , and  (resp.). Then we set
f 0(x)=&\, 0(x)+|
x
0
 0(’) d’+<2, (2.15)
and
g^0(!)=f 0 b (I+\)(!).
f 0(x) is of C-class in (&a(0), 0) and (0, a(0)). We show that f 0(x) is of
C2-class in [&a(0), a(0)]. To this end it suffices to show that
lim
x  +0
f 0"(x)= lim
x  &0
f 0"(x).
First, since ,1"(x)= f 1"(&x)& f1"(x)+r"(x) holds, we have ,1"(0)=0 from
(A2). Then noting that by (A4) ,"(0)=0 holds, we have
lim
x  +0
, 0"(x)= lim
x  +0
(,"(x)&,1"(x))=,"(0)&,1"(0)=0.
Similarly we have
lim
x  &0
, 0"(x)= lim
x  &0
(&,"(&x)+,1"(&x))=0.
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Clearly we have
lim
x  +0
 $0(x)=$(0)&$1(0)= lim
x  &0
 $0(x).
Therefore f 0(x) is of C2-class in [&a(0), a(0)]. It is easily shown that
f 0(a(0))= f 0(&a(0)) and f 0(0)=0 hold. Therefore g^0(!) is of C2-class in
[!&a(0) , !a(0)], and g^0(!&a(0))=g^0(!a(0)) and g^0(!0)=0 hold. By Lemma
2.7(i) g^0(!) is extended to an |-periodic continuous function g0(!) on R1.
Then g0(!) is of C 2-class in R1"V and of C-class in R1"W, where V=
[!a(0)+n| # R1; n=0,\1, ...] and W=[!++n| # R1; +=0, a(0), n=
0, \1, ...]. Define f0(x) by g0 b (I+\)&1 (x). Then f0(x) coincides with f 0(x)
in [&a(0), a(0)], and is of C2-class in R1"V0 and of C-class in R1"W0 ,
where V0=[An(a(0)) # R1; n=0,\1, ...] and W0=[An(+) # R1; +=0,
a(0), n=0, \1, ...]. In fact, f0(x) is of C-class in R1 "W1 , where W1=
[(I+\)(!++n|) # R1; +=0, a(0), n=0, \1, ...]. By Lemma 2.7(ii)
W0=W1 holds. Similarly we have V0=V1 . By Lemma 2.8 f0(x) is (|, 1)-
q.p. Thus u0(x, t)= f0(&x+t)& f0(x+t) is a solution of IBVP
2t u&
2
xu=0, (x, t) # (0, a(t))_R
1,
u(0, t)=u(a(t), t)=0, t # R1,
u(x, 0)=,0(x), tu(x, 0)=0(x), x # [0, a(0)],
and is of C2-class in (x, t) # R2 "C0 and of C-class in (x, t) # R2 "C, where
C0=[(x, t) # R2; \x+t=An(a(0)), n=0, \1, ...] and C is seen in
Theorem 2.2. Clearly u0(x, t) is (|, 1)-q.p. in both t and x.
Finally we show that u0 is of C2-class in (x, t) # R2. To this end we show
that g0 is of C 2-class in R1. It is sufficient to show that the following
equalities
lim
!  !a(0)&0
g^$0(!)= lim
!  !&a(0)+0
g^$0(!) (2.16)
lim
!  !a(0)&0
g^0"(!)= lim
!  !&a(0)+0
g^0"(!) (2.17)
hold. As one has
g^$0(!)= f $0 b (I+\)(!)(1+\$(!)),
(2.16) is equivalent to
f $0(a(0))(1+\$(!a(0)))= f $0(&a(0))(1+\$(!&a(0))). (2.18)
Clearly we have
f $0(a(0))= f $0(&a(0))=&,$0(a(0))2, (2.19)
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for  0(a(0))=& 0(&a(0))=0 holds and , $0 is even. Differentiating (2.2),
we have
\$(!+|)&\$(!)=q$ b (I+\)(!)(1+\$(!)).
As !a(0)=!&a(0)+| by Lemma 2.7(i) and q$(&a(0))=0 by Lemma 2.5(i),
we have
\$(!a(0))=\$(!&a(0)). (2.20)
Therefore by (2.19) and (2.20) we obtain (2.18). Next differentiating g^0
twice, we have
g^0"(!)= f 0" b (I+\)(!)(1+\$(!))2+ f $0 b (I+\)(!) \"(!). (2.21)
We show that
f 0"(a(0))= f "0(&a(0)) (2.22)
holds. Differentiating u1(a(t), t)=0 twice, we obtain
(2xu1)(a(t), t) a$(t)
2+(xu1)(a(t), t) a"(t)
+2(t xu1)(a(t), t) a$(t)+(2t u1)(a(t), t)=0.
Set t=0 and use a$(0)=a"(0)=0 in (A1). Then we have 2t u1(a(0), 0)=0,
which implies ,1"(a(0))=0 by 2t u1=
2
x u1 . Hence we have , 0"(a(0))=
,"(a(0))&,1"(a(0))=0. This implies , 0"(a(0))=, 0"(&a(0))=0. Since  $0(x)
is an even function, we have  $0(a(0))= $0(&a(0)). Hence we obtain (2.22).
Differentiating (2.2) twice and setting !=!&a(0) , we have, by Lemma 2.5
\"(!a(0))=\"(!&a(0)). (2.23)
Hence from (2.19)(2.23) we have shown (2.17). Q.E.D.
2.2.
We consider the case where r(t) identically vanishes. Then from Theorem
2.2 clearly IBVP (1.1)(1.3) with r(t)#0 has an (|, 1)-q.p. solution of
C2-class under the assumptions (A1), (A3$) and (A4). In this subsection we
show further that q.p. solutions are obtained under much weaker conditions,
i.e., the Diophantine condition (A3$) is not necessary. Instead, we assume:
(A3"). The rotation number | of A is an irrational number.
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Theorem 2.10. Consider IBVP (1.1)(1.3) with r(t)#0. Assume that
(A1), (A3"), and (A4) hold. Then the IBVP has a unique C2-solution which
is (|, 1)-q.p. in t.
To prove this theorem we use the following lemma instead of Lemma
2.6. The proof of this lemma is done in the same way as that of Lemma 2.6
by using Denjoy’s theorem ([5], p. 76) instead of HermanYoccoz
theorem.
Lemma 2.11. Assume that (A1) and (A3") hold. Let q({) be the same
function as in (2.1). Then Eq.
\(!+|)&\(!)=q(!+\(!))
has a 1-periodic continuous solution \(!). I+\ has an inverse defined in R1.
Proof of Theorem 2.10. The theorem is shown in the similar way to
Theorem 2.2. We use the same notation and definitions as in the proof of
Theorem 2.2. Recall the proof. As r(t) identically vanishes, u1 also identi-
cally vanishes. Applying Lemma 2.11 to (2.10) with r#0, we obtain the
general solution g0(!) of Eq. (2.13) with r1#0. Clearly g0 is |-periodic.
Thus the solution u of BVP (1.1) and (1.2) is equal to u0 of the form
u0(x, t)=g0 b (I+\)&1 (&x+t)&g0 b (I+\)&1 (x+t). (2.24)
From this it is clear that u is (|, 1)-q.p. in t. In this case (I+\)&1 is only
continuous. Hence the solution u=u0 seems to be only of C0-class. We
show that by constructing g0 as in the proof of Theorem 2.2, u defined by
(2.24) satisfies the initial condition (1.3) and is of C2-class in (x, t) # R2.
Recall that g0 is defined as follows. f 0 is defined by (2.15) and g^0 by
f 0 b (I+\). Then g0(!) is taken as an |-periodic extension in R1 of g^0(!).
It is obvious that g0 b (I+\)&1 (x)= f 0(x) for x # [&a(0), a(0)]. Since
f 0(x) is of C2-class in [&a(0), a(0)], the solution u(x, t) is of C 2-class in
D=[(x, t) # R2; |x|+|t|a(0)]. Hence by (2.24) u satisfies (1.3). Now let
v(x, t) be the unique C2-solution of IBVP (1.1)(1.3) with r(t)#0 given in
Proposition 2.1. Since v also is of the form h(&x+t)&h(x+t) with
h # C2(R1), h satisfies h(&a(t)+t)&h(a(t)+t)=0, from the second
boundary condition of (1.3). Applying Lemma 2.11 to the above Eq., we
obtain, as (2.12)
h b (I+\)(!+|)=h b (I+\)(!). (2.25)
Since v satisfies (1.3), h(x) is equal to f 0(x) for x # [&a(0), a(0)]. Hence
g0(!) is equal to h b (I+\)(!) for ! # [!&a(0) , !a(0)]. Using (2.25) and
Lemma 2.7(i), we obtain g0(!)=h b (I+\)(!) identically in R1, and so
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h(x)=g0 b (I+\)&1 (x) identically in R1. This means that u(x, t) is identi-
cally equal to v(x, t) in (0, a(t))_R1. Q.E.D.
Remark. Let p be a natural number. Assume that there exists a p-peri-
odic reflected characteristics that has k reflecting points at the curve
x=a(t) and the line x=0 during one period. Then the rotation number |
is equal to pk.
We show this fact. Consider a reflected characteristics l in the (x, t)-plane
starting at a point (x, t)=(x0 , 0) with gradient 1 (the case of gradient &1
is treated in the same way). Let the n th reflecting points at x=a(t) and
x=0 be (xn , tn) and (0, t$n) (resp.). Then it is shown that
xn=a b (I&a)&1 b An&1(&x0),
tn=(I&a)&1 b An&1(&x0),
t$n=An(&x0).
Now let l be p-periodic and x0 be a periodic point. Then by the periodicity
an equality Ak(&x0)+x0=p holds. Then it follows by the periodicity of
Ak&I that
Akj(&x0)&(&x0)= jp, j=1, 2, ...,
whence we have
(Akj(&x0)&(&x0))(kj)=pk.
As j tends to , the left hand side tends to |. This implies |=pk.
REFERENCES
1. A. Baker, ‘‘Transcendental Number Theory,’’ Cambridge Univ. Press, Cambridge, UK,
1975.
2. N. Balazs, On the solution of the wave equation with moving boundaries, J. Math. Anal.
Appl. 3 (1961), 472484.
3. J. Cooper, Asymptotic behavior for the vibrating string with a moving boundary, J. Math.
Anal. Appl. 174 (1993), 6787.
4. H. D. Greenspan, A string problem, J. Math. Anal. Appl. 6 (1963), 339348.
5. M. R. Herman, Sur la conjugaison diffe rentiable des diffe omorphismes du cercle a des
rotations, Publ. I.H.E.S. 49 (1979), 5233.
6. H. Tanabe, ‘‘Equations of Evolution,’’ Pitman, London, 1979.
7. J.-C. Yoccoz, Conjugaison diffe rentiable des diffe omorphismes du cercle dont le nombre de
rotation ve rifie une condition Diophantienne, Ann. Sci. Ecole Normale Sup. 17 (1984),
333359.
8. M. Yamaguchi, Periodic motions of vibrating string with a periodically moving boundary,
preprint.
15QUASIPERIODIC MOTIONS OF VIBRATING STRING
